By using an improved approximation scheme to deal with the centrifugal (pseudo-centrifugal) term, we solve the Dirac equation for the generalized Morse potential with arbitrary spin-orbit quantum number κ. In the presence of spin and pseudospin symmetry, the analytic bound state energy eigenvalues and the associated upper-and lower-spinor components of two Dirac particles are found by using the basic concepts of the Nikiforov-Uvarov method. We study the special cases when κ = ±1 (l = l = 0, s-wave), the non-relativistic limit and the limit when α becomes zero (Kratzer potential model). The present solutions are compared with those obtained by other methods.
I. INTRODUCTION
The simplest modified Morse potential model suggested by Deng and Fan [1] and related to the Manning-Rosen potential [2] (also called Eckart potential by some authors [3] ) is anharmonic potential defined by
where r ∈ (0, ∞), and the three positive parameters D, r e and α denote the dissociation energy, the equilibrium inter-nuclear distance and the range of the potential well, respectively.
The above potential is used to describe diatomic molecular energy spectra and electromagnetic transitions and is the true internuclear potential in diatomic molecules with the same behaviour for r → 0 [4] . The above potential was called a generalized Morse potential (GMP) model and illustrated in Figure 1 for various values of potential parameters. As stated in
Ref. [4] , the Morse potential and the GMP are very close to each other for large values of r e (α = 1) in the regions r ∼ r e and r > r e but are very different at r ∼ 0. Further, if the two potentials are deep (D ≫ 1), they could be well approximated by a harmonic oscillator in the region r ∼ r e (see Fig.1 in [4] ). To describe the vibrational spectra of diatomic molecules the potential curve V (r) is approximated by a sum of three Morse functions [5] . The approach has the advantage of being more flexible than the simple Morse potential while preserving the correct asymptotical V (∞) = const [5] . The potential model (1) is a special case of the five-parameter exponential-type potential model [6, 7] . The exact solvability of the s-wave (l = 0 case) bound state energy eigenvalues and eigenfunctions of the GMP is due to the fact that it belongs to the class of the Eckart potential, a member of the hypergeometric Natanzon potentials which can be solved algebraically by means of SO(2, 2) symmetry algebra [4] and SO(2, 1) algebra [8] . The X-H stretching motion in small molecules has been treated by the potential model (1) [9] . Moreover, the approximated l-wave bound state solutions [10] of the Schrödinger equation has been solved using the conventional approximation scheme suggested by Greene and Aldrich [11] to deal with the centrifugal barrier term l(l + 1)/r 2 , singularity at r = 0. The exact analytic expressions for matrix elements of positive integral powers of the coordinate [12] and the quasi-one-dimensional system of DNA [13] have also been studied.
To study the relativistic effects and corrections of the molecular Morse potential [4] , the Dirac equation has been solved for attractive scalar S(r) and repulsive vector V (r) Morse potentials under pseudospin symmetry in the nuclear theory using the Pekeris approximation [14] . Recently, the approximate bound state solutions of the pseudospin and spin symmetric Dirac equation with the GMP has been calculated using an improved approximation scheme to deal with the centrifugal (pseudo-centrifugal) term and by employing the basic concept of the supersymmetric shape invariance formalism (cf. [15] and the references therein).
Many authors have investigated approximately the solution of the Dirac equation with
a few potential models such as the Hulthén potential [16] , the Hulthen potential including
Coulomb-like tensor potential [17] , the generalized Woods-Saxon potential [18, 19] , the Eckart potential [20] , the Morse potential [14, 21] , the Pöschl-Teller potential [22] , the ManningRosen potential [2, 23] , the hyperbolic potential [24] , the Rosen-Morse potential [25] , the pseudoharmonic potential [26] , and the Kratzer potential connected with an angle-dependent potential [27] , etc within the framework of various methods.
The diatomic molecular model consisting of nuclei having masses m 1 and m 2 , the reduced mass is defined µ = m 1 m 2 /(m 1 + m 2 ) can be included to the spin symmetry and the pseudospin symmetry concepts [28] . Ginocchio [29] [30] [31] showed that the spin symmetry occurs when the difference potential between the vector potential V (r) and scalar potential S(r) is a constant (i.e., ∆(r) = V (r) − S(r) = C s = constant) and the pseudospin symmetry occurs when the sum potential of the vector potential V (r) and scalar potential S(r) is a constant (i.e., Σ(r) = V (r) − S(r) = C ps = constant). The spin symmetry concept [32] is particularly relevant for mesons [33] . The pseudospin symmetry concept [34, 35] in nuclear physics refers to the quasi-degeneracy of single-nucleon doublets and can be characterized with the nonrelativistic quantum numbers (n, l, j = l + 1/2) and (n − 1, l + 2, j = l + 3/2), where n, l and j are the single-nucleon radial, orbital and total angular momentum quantum numbers, respectively. Alhaidari et al. [36] investigated in detail the physical interpretation on the three-dimensional Dirac equation in the cases of spin symmetry limitation ∆(r) = 0 and pseudospin symmetry limitation Σ(r) = 0. In real nuclei, Σ(r) = constant and pseudospin symmetry is only an approximation. The quality of the pseudospin symmetry approximation depends on the competition between the pseudo-centrifugal potential and the pseudospin orbital potential [37] .
Recently, in the framework of the spin symmetry S(r) ∼ V (r) and pseudospin symmetry S(r) ∼ −V (r), the bound state energy eigenvalues and associated upper-and lower-spinor wave functions are investigated by means of the Nikiforov-Uvarov (NU) method [38] . We have approximately solved the Dirac equation for the Rosen-Morse potential [25] with spin and pseudospin symmetry for any κ state and found the eigenvalue equation and corresponding two-component spinors within the framework of an approximation to the term proportional to 1/r 2 . We have also solved the (3+1) dimensional Dirac equation for a particle trapped in the spherically symmetric generalized WS potential under the conditions of exact spin and pseudospin symmetry combined with approximation for the spin-orbit centrifugal (pseudo-centrifugal) term, and calculated the two-component spinor wave functions and the energy eigenvalues for any arbitrary spin-orbit κ bound states [18] .
In principle, the solution of the Schrödinger equation for the GMP model can be used to describe the motion of the nucleons in the mean field produced by the interactions between nuclei. However, the Dirac equation successfully merges quantum mechanics with special relativity and is considered to be the natural transition to quantum field theory. It provides a natural description of the electron spin, predicts the existence of antimatter and is able to reproduce accurately the spectrum of the hydrogen atom. It also predicts some peculiar phenomena such as Klein's paradox and unexpected quivering motion of free relativistic quantum particle which are key examples for understanding relativistic quantum effects, but are difficult to observe in real particles. In order to to understand the origin of spin and pseudospin symmetry, we need to take into consideration the motion of the nucleons in a relativistic mean field and consider the Dirac equation [31] . We attempt to study the approximate solution of the Dirac equation for the GMP with non-zero spin-orbit quantum numbers κ by employing an improved approximation scheme (see e.g., [17, 39, 40] and the references therein) to deal with the spin-orbit centrifugal, κ(κ + 1)/r 2 (pseudo-centrifugal,
The inter-relation between the GMP with the Oscillator and Morse potentials investigated in Ref. [4] and the recent relativistic treatments of the Morse and Oscillator potentials in [14, 26] are some motivations for the present study. The simple transformation of the Dirac equation into the Schrödinger-like equation and the success in studying the approximated bound state solutions of the Dirac equation with various potential models [14, 17, 18, 25, 26] also make the solution possible.
We tend to show that the new scheme of parametric generalization of the NU method [41] given in Appendix A is a powerful tool for solving a second order differential equation
by turning it into a hypergeometric type equation [38] . The advantage of employing the NU method, in the present work, is that it can be used to find the bound state energy spectra and the corresponding spinor wave functions under the condition of spin symmetry and pseudospin symmetry concept for any κ state in a very simple way.
This paper is organized as follows. In section 2, we investigate the bound state energy equation and the corresponding two-component spinor wave functions under the condition of spin symmetry and pseudospin symmetry concept for the GMP model by employing a parametric generalization of the NU method. In section 3, we study some special cases like the s( s)-wave cases κ = ±1 (l = l = 0), the non-relativistic limit and the α → 0 (Kratzer potential). In section 4, we present some numerical results to the non-relativistic and relativistic numerical energy levels for GMP and Kratzer models. The relevant conclusions are given in section 5.
II. DIRAC BOUND STATE SOLUTIONS
The Dirac equation for fermionic massive spin-1/2 particles moving in an attractive scalar potential S(r) and a repulsive vector potential V (r) is given by [42] cα
where E is the relativistic energy of the system, m is the mass of a particle, p = −ih∇ is the momentum operator, and α and β are 4 × 4 Dirac matrices, i.e.,
where I denotes the 2 × 2 identity matrix and σ i are the three-vector Pauli spin matrices.
For a spherical symmetrical nuclei, the total angular momentum operator of the nuclei J and spin-orbit matrix operator K = −β (σ · L + I) commute with the Dirac Hamiltonian, where L is the orbital angular momentum operator. The spinor wave functions can be classified according to the radial quantum number n and the spin-orbit quantum number κ and can be written using the Pauli-Dirac representation in the following forms:
where the upper-and lower-spinor components F nκ (r) and G nκ (r) are the real square-integral radial wave functions, Y l jmκ ( r) and Y l jm(−κ) ( r) are the spin spherical harmonic functions coupled to the total angular momentum j and it's projection m on the z axis and κ (κ + 1) = l(l + 1) and κ (κ − 1) = l( l + 1). The quantum number κ is related to the quantum numbers for spin symmetry l and pseudospin symmetry l as
, aligned spin (κ < 0) ,
and the quasi-degenerate doublet structure can be expressed in terms of a pseudospin angular momentum s = 1/2 and pseudo-orbital angular momentum l which is defined as
where κ = ±1, ±2, · · · . For example, (1s 1/2 , 0d 3/2 ) and (2p 3/2 , 1f 5/2 ) can be considered as pseudospin doublets.
Upon direct substitution of Eq. (4) into Eq. (2), we can obtain two radial coupled Dirac equations for the two spinor components as follows:
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and sum potentials, respectively.
Under the spin symmetry ( i.e., ∆(r) = C s = constant), one can eliminate G nκ (r) in Eq. (7a), with the aid of Eq. (7b), to obtain a second-order differential equation for the upper-spinor component as follows:
and the lower-spinor component is obtained from Eq. (7a) as
where E nκ = −Mc 2 , only real positive energy states exist when C s = 0 (exact spin symmetry). On the other hand, under the pseudospin symmetry ( i.e., Σ(r) = C ps = constant), one can eliminate F nκ (r) in Eq. (7b), with the aid of Eq. (7a), to obtain a second-order differential equation for the lower-spinor component as follows:
and the upper-spinor component F nκ (r) is obtained from Eq. (7b) as
where E nκ = Mc 2 , only real negative energy states exist when C ps = 0 (exact pseudospin symmetry). It is worthy to note that the reality and finiteness of our solutions demand that the upper and lower radial components should satisfy the essential boundary conditions:
A. Spin symmetry solutions of the GMP model
At first, we investigate the spin symmetry by taking the Σ(r) = 2V (r) → V GM P (r) as mentioned in Ref. [43] enables one to reduce the resulting relativistic solutions into their non-relativistic limit under appropriate transformations. From Eq. (8), we can see that the energy eigenvalues, E nκ , depend only on n and l, i.e., E nκ = E(n, l(l + 1)). For l = 0, the states with j = l ± 1/2 are degenerate. This is a SU(2) spin symmetry. Following Refs.
[ [22] [23] [24] [25] , we impose the GMP [1, 4] as the Σ(r), i.e.,
leads us to obtain a Schrödinger-like equation in the form:
where κ (κ + 1) = l (l + 1) , κ = l for κ < 0 and κ = − (l + 1) for κ > 0. The exact solution of the above equation is possible only for the s-wave case (κ = −1) due to the centrifugal term
However, if κ is not too large, the case of the vibrations of small amplitude about the minimum, we attempt to use the following improved new approximation scheme to deal with the centrifugal (pseudo centrifugal) term, near the minimum point r = r e (i.e., x = 0), (cf. Refs. [17, 40, [44] [45] [46] [47] [48] ):
When αr ≪ 1, the value of the dimensionless constant d 0 = 1/12 has simply determined by the above series expansion and α takes the unit of reciprocal of r. The present approximation was shown to be more powerful than the usual approximation [40] . Obviously, the above approximation to the centrifugal (pseudo-centrifugal) term turns to 1/r 2 when the parameter α goes to zero as
which shows that the usual approximation is the limit of our approximation (cf. e.g., [17, 40] and the references therein).
We introduce the following new dimensionless parameter, z(r) = e −αr ∈ [0, 1], which maintains the finiteness of the transformed wave functions on the boundary conditions.
Thus, substituting Eq. (15) into Eq. (13), we obtain the following Schrödinger-like equation
where
and F nκ (r) = F nκ (z). In order to clarify the parametric generalization of the NU method [25] , let us take the following general form of a Schrödinger-like equation written for any
satisfying the wave functions
and
are two polynomials at most of first-and second-degree, respectively. Furthermore, when
Eq. (17) is compared with its counterpart Eq. (19), we can obtain the specific values for the constants c i (i = 1,2, 3) along with A, B and C. Now, following the NU method [38] and making the substitution of Eqs. (21) and (22), we can obtain general forms for the polynomials π(z) and τ (z), the root of the parameter k, the eigenvalues equation and the wave functions φ(z) and y n (z) expressed in terms of the constants c i (i = 4, 5, · · · , 13) as shown in Appendix A (cf. Refs. [18, 21, 25, 40] ). Therefore, the task of computing the energy eigenvalues and the corresponding wave functions of Eq. (17) Table 1 for the GMP model. Secondly, using the relations (A2-A5), the analytic forms of the essential polynomials π(z) and τ (z) along with the root k, required by the method [41] , can also be found as
where τ ′ (z) < 0 must be satisfied in order to obtain a physical solution according to the NU method [38] . Thirdly, we need to calculate the energy eigenvalues by means of the eigenvalue equation, relation A6, and obtain
Finally, with the aid of Eqs. (14) and (18), Eq. (26) can be also reduced to the energy equation for the GMP with the spin symmetry concept for any spin-orbit quantum number κ = ±1, ±2, · · · values in the Dirac theory,
In what follows, in order to establish the wave functions F nκ (r) of Eq. (8), the relations (A7-A10) are used. Firstly, we find the first part of the wave functions yields
Secondly, we calculate the weight function as
and this, in turn, generates the second part of the wave functions,
is the orthogonal Jacobi polynomials [49, 50] . Finally, the upper spinor component F nκ (z) for arbitrary κ can be obtained by means of Eq. (20) as
where the normalization constants N nκ are calculated in Appendix B.
Let us recall the derivative relation of the hypergeometric function,
that is used to calculate the corresponding lower-component G nκ (r) in Eq. (9) as
We would like to note that the hypergeometric series
In the presence of exact spin symmetry (C s = 0), E nκ = −Mc 2 (only positive energy states do exist). In the exact spin symmetry (C s = 0) with (κ = 1, κ = −2), the upperand lower-spinor wave functions for the ground (0p 1/2 , 0p 3/2 ) and first excited (1p 1/2 , 1p 3/2 ) degenerate eigenstates are being illustrated in Figure 2a and 2b, respectively. A glance at Let us now study the special case when the parameter α → 0 in Eq. (1). The GMP potential can be easily reduced to the well-known Kratzer molecular potential,
which has been studied extensively by using different methods as the function analysis [51] , the NU [52, 53] and the exact quantization rule (EQR) [54] . To avoid the repetition, following Appendix A, we write down the essential polynomials:
We further obtain the following two expressions which are relevant in the construction of the energy equation (relation A6) [38] λ n = 2nǫ nκ and λ = 2r ē h 2 c 2 Mc
and substituting λ n = λ, we can obtain the following spin symmetric energy equation,
where N n = 2n + 1, N κ = 2κ + 1 and q = (2r e /hc) 2 . The above equation for energies looks like a quartic equation of the form:
with coefficients
where we have set c = 1. For a given value of n and κ (or l), the above quartic equation, Eq.
(41b), provides four distinct positive and negative real (real and complex) energy spectra related with E + nκ or E − nκ , respectively. One of the distinct solutions is only valid to obtain the positive-energy bound states in the limit of the spin symmetry. Therefore, the procedures for calculating the four distinct energies; namely, E (1) nκ , E (2) nκ , E (3) nκ and E (4) nκ are given in Appendix B.
Furthermore, following [18] , the normalized upper-and lower-spinor wave functions can be calculated as
respectively, where L (β)
n (x) are associated Laguerre polynomials. The simplest exact spin solution, representing the ground state and first excited state, are
respectively. Finally, we would like to note that ǫ 0κ and ǫ 1κ can be calculated via Eq. (39) whereas K 0 and K 1 via Eq. (43) along with Eq. (38) when C s = 0.
B. Pseudospin symmetry solutions of the GMP model
From Eq. (10), we can see that the energy eigenvalues, E nκ , depend only on n and l, i.e., E nκ = E(n, l( l + 1)). For l = 0, the states with j = l ± 1/2 are degenerate. This is a SU (2) pseudospin symmetry. Following Refs. [22] [23] [24] [25] , we impose the GMP [1] as the ∆(r), i.e.,
where κ (κ − 1) = l( l + 1). We follow the same procedures in the previous subsection to obtain a Dirac equation satisfying G nκ (r),
where G nκ (r) = G nκ (z). To avoid repetition in the solution of Eq. (45), a careful inspection for the relationship between the present set of parameters ( ε nκ , ν 2 2 ) and the previous one (ε nκ , ν 2 1 ) tells us that the negative energy solution for pseudospin symmetry, where S(r) ∼ −V (r), can be obtained directly from the spin symmetric solution by using the following parameter mapping [18, 55] :
Following the previous procedures, the constants in the case of pseudospin symmetry concept are displayed in Table 2 . Applying the above transformations to Eqs. (27) , (32) and (33) lead to the following pseudospin symmetric energy equation,
Note that Eq. (50) can be also expressed in the form of quartic equation (cf. Eq. (41b)) since the two parameters ν 2 2 and δ 2 contain the energy eigenvalues E nκ . The procedures of this analytic solution is so similar to the one presented in Appendix B with the changes D → −D, E nκ → −E nκ and C s → −C ps . Furthermore, the lower-component wave functions:
The upper-component F nκ (r) can be calculated from Eq. (11) as follows
× 2 F 1 1 − n; n + 2 ( ε nκ + δ 2 ) + 1; 2 (1 + ε nκ ) ; e −αr .
Hence, in the exact pseudospin symmetry where C ps = 0, E nκ = Mc 2 (only negative energy states exist).
On the other hand, the pseudospin solutions of the Dirac equation for the Kratzer potential can be obtained from the spin symmetry case by applying transformation map given by Eq. (49) as
Therefore, the eigenvalue equation is
and the normalized lower-and upper-spinor wave functions are given by
III. SOME SPECIAL CASES Let us study three special cases. At first, we study the s( s)-states (l = l = 0, i.e., κ = ∓1
). It follows that the spin-orbit coupling term κ(κ + 1)/r 2 = 0, and also the corresponding approximation to it in Eq. (27) . In the presence of the exact spin symmetry limit (C s = 0), the s-states (κ = −1) energy equation becomes
The upper-and lower-spinor wave functions are
where N n,−1 is calculated in the Appendix C. Overmore, for the s-states (κ = 1) in the exact pseudospin symmetry (C ps = 0), the energy equation (48) becomes
The wave functions given by Eqs. (52) and (54) become
with
Second, we study the nonrelativistic limit. In applying the following appropriate mapping
2 to Eqs. (27) and (32), we obtain the energy levels of the Schrödinger equation for any arbitrary orbital quantum number l as
and the radial wave functions as
where µ = m 1 m 2 /(m 1 + m 2 ) is the reduced mass of the two atoms and N nl is calculated in the Appendix C.
Third, the case α → 0, the nonrelativistic limit of the bound state solutions of Eqs. (41) and (42) in exact symmetry limit (C s = 0) can be obtained as
and the normalized wave functions:
which are identical to the previous results obtained by the function analysis method [51] , the NU method [52, 53] and the EQR (cf. Eq. (29) in Ref. [54] obtained in D-dimensions).
IV. NUMERICAL RESULTS
As in Ref. Table 3 , we display our results with those ones calculated by using the conventional approximation scheme suggested by Greene and Aldrich [12] to deal with the centrifugal term l(l + 1)/r 2 together with the values obtained from the numerical integration procedures based on the MATHEMATICA package programmed by Lucha and Schöberl [57] .
Obviously, our results are closely approaching the ones obtained in [57] for both short range (small α) as well as for long range (large α) potential (see e.g., our recent works [39, 58] ).
This means that our new approximated calculations using the approximation scheme (15) proposed recently by us provides much better approximation to the centrifugal term than that in Ref. [55] even for large α values (see, e.g., [40] and the references therein). At small values of α (Kratzer potential), we have also calculated the energy levels as a function of r e = 0.1−1.5 f m for various quantum numbers n and l. Hence, our numerical values of these energy levels are shown in Table 4 . Overmore, Table 5 i.e., C s = 0 f m −1 ). We noticed that there are only positive energy bound state solutions in the spin symmetry limit. One can also see from Table 5 that there are degeneracies between the eigenstates (np 1/2 , np 3/2 ), (nd 3/2 , nd 5/2 ), (nf 5/2 , nf 7/2 ), (ng 7/2 , ng 9/2 ), etc. In fact, each of these eigenstates form a spin doublet. For instance, for any specific value of n, where n = 0, 1, 2, · · · , np 1/2 with κ = 1 is considered as the partner of np 3/2 with κ = −2. Thus, states that have the same radial n and orbital angular momentum l quantum numbers with j = l + 1/2 and j = l − 1/2 are degenerate [59] .
On the other hand, in Table 6 , we present some numerical values for the eigeenergies of the Dirac hole states obtained from Eq. (50) with the previous choice of potential parameters for the case of pseudospin symmetry limit (C ps = 0, 5.0, −5.0 and −10.0 f m −1 ). One can see from Table 6 that there are degeneracies between the eigenstates (ns 1/2 , (n
), (nf 7/2 , (n − 1) h 9/2 ), etc. In fact, each of these eigenstates form a pseudospin doublet. For instance, for specific value of n = 1, 1s 1/2 with κ = −1 is considered as the partner of 0d 3/2 with κ = 2. Thus, states that have pseudo orbital angular momentum l quantum numbers, radial n and n − 1 with j = l − 1/2 and j = l + 1/2, respectively, are degenerate [59] .
V. CONCLUSIONS
We have studied the approximate bound state solutions of the Dirac equation for the GMP model with any arbitrary spin-orbit κ state under the conditions of the spin (pseu- with the results obtained previously by other methods and works [15] . It is noticed that these results are obtained in a much simpler fashion than Ref. [15] . Finally, Eqs. (27) and (50) can be used to evaluate the binding energies of the GMP for diatomic molecules such as CH, CO and N 2 [2, 56] in the relativistic framework with spin and pseudospin symmetry cases for any range of potential well α. Equations. (41) and (57) can be also used to evaluate the binding energy of the Kratzer potential in the relativistic framework with spin and pseudospin symmetry cases at small range potential well (α → 0).
(iii) The energy equation:
(iv) The wave functions:
where 1] are the Jacobi polynomials with
and N nκ is a normalization constants. Also, the above wave functions can be expressed in terms of the hypergeometric function as
2 F 1 (−n, 1 + c 10 + c 11 + n; c 10 + 1; c 3 z) ,
where c 12 > 0, c 13 > 0 and z ∈ [0, 1/c 3 ] .
Appendix B: Solving Quartic Energy Equation
In order to solve the quartic equation (41b), the first step in the solution is to define the following variables
which enable us to write down the related auxiliary cubic equation of the form:
The next step is solving the cubic equation (B2) by defining the variables
and then applying one of the following three cases:
(i) When all three roots are real (h < 0): we define the variables
where all the arguments in the trigonometric functions are in radians, to obtain the three possible roots of (B2) in the form
and hence the four energies of the original quartic equation (41b) take the forms
It is worth noting that whenever we have three real root we always choose the two non-zero roots; say, E
nκ and E 
enable us to write down the three roots of (B2):
and hence the four energies of Eq. (41b) are
It is worth noting that whenever we have one real root and two complex roots we always choose the two complex roots.
(iii) When all three roots are real and equal (f = g = h = 0), then the roots of (B2):
and hence the four energies of the original quartic equation (41b) are
Appendix C: Normalization constants
The normalization constant, N nl can be determined in closed form. We start by using the relation between the hypergeometric function and the Jacobi polynomials (see formula (8.962.1) in [49] ):
to rewrite the wave functions in (32) as
From the normalization condition 
The calculation of this integral can be done by writting
and using the following two integrals (see formula (7.391.5) in [49] ):
which is valid for Re(ν) > 0 and Re(µ) > −1 and (see formula (7.391.1) in [49] ):
which is valid for Re(ν) > −1, Re(µ) > −1. Thus, the normalization constant:
where 0 ≤ n, κ < ∞. In the s-wave (κ = −1) case, the above result is written explicitly as
Also, the non-relativistic normalization constant is therefore obtained as 
